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Abstract

We consider the problem of delivering content cached in a wireless network of n nodes randomly
located on a square of area n. In the most general form, this can be analyzed by considering the
2™ x n-dimensional caching capacity region of the wireless network. We provide an inner bound on
this caching capacity region, and, in the high path-loss regime, a matching (in the scaling sense) outer
bound. For large path-loss exponent, this provides an information-theoretic scaling characterization of
the entire caching capacity region. Moreover, the proposed communication scheme achieving the inner
bound shows that the problem of cache selection and channel coding can be solved separately without

loss of order-optimality.

I. INTRODUCTION

With the continued large-scale deployment of infrastructure, wireless networking continues
to be an area of active research. In this context, unicast and multicast traffic has been widely
studied. The influence of caches on the network performance, on the other hand, has received
considerably less attention. Nevertheless, the ability to replicate data at several places in the
network is likely to significantly increase supportable data rates. In this paper, we consider the
problem of characterizing achievable rates with caching in large wireless networks.

In its most general form, this problem can be formulated as follows. Consider a wireless
network with n nodes, and assume a node w in the network requests a message available at the
set of caches U (a subset of the n nodes) at a certain rate Agﬁu. The collection of all {Agﬁu}uw
can be represented as a caching traffic matrix A°A € R?:X". The question is then to characterize
the set of achievable caching traffic matrices A®A(n) C Ri"x”. We answer this question by

providing an approximate (i.e., scaling) characterization of this caching capacity region A°A(n)
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for large wireless networks (i.e., as n — o0o0) under random node placement and assuming large
path-loss exponent. Our treatment is information-theoretic, i.e., we do not make any assumptions
on the communication protocol used.

While A®*(n) is a high-dimensional object (namely 2" x n-dimensional), we show that
feasibility of a traffic matrix A®A can be efficiently evaluated. We also provide an explicit

communication scheme achieving (in the scaling sense) the entire caching capacity region

ACA(n).

A. Related Work

Several aspects of caching in wireless networks have been investigated in prior work. In the
computer science literature, the wireless network is usually modeled as a graph induced by the
geometry of the node placement. This is tantamount to making a protocol model assumption
(as proposed in [1]) about the communication scheme used. The quantity of interest involves
the distance from each node to the closest cache that holds the requested message. The problem
of optimal cache location for multicasting from a single source has been investigated in [2],
[3]. Optimal caching densities under uniform random demand have been considered in [4], [5].
Several cache replacement strategies are proposed, for example, in [6].

To the best of our knowledge, caching has not been directly considered in the information
theory literature. However, it can be seen that the problem of optimally transmitting messages
held at several caches to a destination is a special case of communicating correlated sources
over a noisy network. Indeed, we can consider that each cache has an identical message to
send to the same destination. This more general problem of transmitting correlated sources
has received considerable attention. Unlike the situation with point-to-point communication, for
network communication problems source-channel separation does not hold in general [7]. Hence,
the problem of source and channel coding have to be considered jointly. While for some special
cases optimal communication strategies for transmitting correlated sources over a noisy network
are known (for example, a single destination node requesting all the sources observed in the
network with independent network links [8], [9]), the general problem is unsolved.

Finally, a special case of the caching problem considered here, in which each destination has
only a single cache (i.e., standard unicast traffic), has been widely studied and is by now well

understood. See, for example, [1], [10]-[20].
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B. Our Contribution

We consider the general caching problem from an information-theoretic point of view. Com-
pared to the prior work mentioned in the last section, there are several key differences. First, we
do not make a protocol channel model assumption, and instead allow the use of arbitrary com-
munication protocols over the wireless network. Second, we allow for general traffic demands,
i.e., arbitrary number of caches, and arbitrary demands from each destination. Third, we do not
impose that each destination requests the desired message from only the closest cache, nor do
we impose that the entire message has to be requested from the same cache. Rather we allow
parts of the same message to be requested from distinct caches.

We present an achievable communication scheme for the caching problem, yielding an inner
bound on the caching capacity region. For large values of path-loss exponent, we provide a
matching (in the scaling sense) outer bound, proving the optimality (again in the scaling sense) of
our proposed scheme. Together, this provides a scaling description of the entire caching capacity
region of the wireless network in the large path-loss regime. The proposed communication
scheme solves the problem of optimal cache selection and channel coding separately, showing

that such a separation is order-optimal.

C. Organization

The remainder of the paper is organized as follows. In Section II, we introduce the channel
model as well as notation. In Section III, we present the main results of the paper. Section IV

contains proofs, and Section V concluding remarks.

II. NETWORK MODEL AND NOTATION
Consider the square

A(n) £ 10, v/n]?

of area n, and let V' (n) C A(n) be a set of |V (n)| = n nodes on A(n). We assume the following

channel model. The (sampled) received signal at node v and time ¢ is

Yolt] = Z ho[t]zu[t] + 20t]

ueV(n)\{v}
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for all v € V(n),t € N, and where {z,[t]}, are the (sampled) signals sent by the nodes in V' (n)
at time ¢. Here {z,[t|},. are independent and identically distributed (i.i.d.) circularly symmetric

complex Gaussian random variables with mean 0 and variance 1, and
huwlt] = r;g/z exp(V—10,[t]),

for path-loss exponent o > 2, and where r, , is the Euclidean distance between u and v. The
phase terms {6, ,[t]}.. is assumed to be i.i.d. with uniform distribution on [0,27).! We either
assume that {6, ,[t|}; is stationary and ergodic as a function of ¢ which is called fast fading in
the following, or we assume {6, ,[t]}: is constant as a function of ¢, which is called slow fading
in the following. In either case, we assume full channel state information (CSI) is available at
all nodes, i.e., each node knows all {h, ,[t]}.., at time ¢.> We also impose an average power
constraint of 1 on the signal {z,[t]}, for every node u € V(n).

Partition A(n) into 4° subsquares {Ay;(n)}%, of sidelength 27*\/n, and let V;;(n) be the

nodes in Ay ;(n). The integer parameter ¢ varies between 0 and L(n) defined as®

L(n) = %log(n)(l — log_l/z(n)).

The partitions at various levels ¢ form a dyadic decomposition of A(n) as illustrated in Figure
1.

A caching traffic matrix is an element \°A € R2"*". Consider U C V(n) and w € V(n).
Assume a message that is requested at destination node w is available at all of the caches U.
)\gﬁv denotes then the rate at which node w wants to obtain the message from the caches U. Note
that we do not impose that any particular cache v € U provides w with the desired message,

rather multiple of the nodes in U could provide parts of the message. Note also that Ay, and

'Tt is worth pointing out that recent results [20] suggest that, under certain assumptions on the location of scattering elements,
for « € (2, 3) and very large values of n, the channel model used here (in particular, the i.i.d. assumption of the phase terms,
might yield results that are too optimistic. However, in [21] the same authors show that, under different assumptions on the
scatterers, the channel model used here is still valid also for & € (2,3) and very large values of n. This indicates that the
issue of proper channel modeling in the low path-loss regime for very large networks is somewhat delicate and requires further
investigation.

*We make the full CSI assumption in all the converse results in this paper. Achievability can be shown to hold under weaker
assumptions on the availability of CSI. In particular, for o > 3, no CSI is necessary, and for « € (2, 3), a 2 bit quantization of

the channel state {0y, [t]}.,» available at all nodes at time ¢ is sufficient.

3Throughout log and In represent the logarithms with respect to base 2 and e, respectively.
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Fig. 1. Subsquare {A;,} with 0 < £ < 2, i.e., with L(n) = 2. The subsquare at level £ = 0 is the area A(n) itself. The
subsquares at level ¢ = 1 are indicated by dashed lines, the subsquares at level ¢ = 2 by dotted lines. Assume for the sake of
example that the subsquares are numbered from left to right and then from bottom to top (the precise order of numbering is
immaterial). Then Vp 1(n) are all the nodes V(n), Vi,1(n) are the nine nodes in the lower left corner (delineated by dashed

lines), and V2,1 (n) are the three nodes in the lower left corner (delineated by dotted lines).

Ag ., could both be strictly positive for U # U, i.e., the same destination could request more
than one message from different collection of caches. We assume that messages for different
(U, w) pairs are independent. The caching capacity region A°A(n) of the wireless network V' (n)

is the set of all achievable caching traffic matrices \°A € R3 ™.

Example 1. Consider V' (n) = {v;}}_; with n = 4. Assume that v| requests a message My, v,},0;
available at the caches w3, and v, at rate 1 bit per channel use, and an independent message
Myus},0, available only at vs at a rate of 2 bits per channel use. Node v, requests a message
M{vs.04},0, available at the caches vz and vy at a rate of 4 bits per channel use. The messages
Mfvz0a}010 Mosors ADd Mgy, ,3,0, are assumed to be independent. This traffic pattern can be
described by a caching traffic matrix A € R with Ays vut.or = L Mugton = 25 Mogoatios = 4
and Ay, = 0 otherwise. Note that in this example node v; is destination for two (independent)
caching messages, and node vs and v, serve as caches for more than one message (but these

messages are again assumed independent). O

To simplify notation, we will assume when necessary that large reals are integers and omit |- |
and |-| operators. For the same reason, we suppress dependence on n within proofs whenever
this dependence is clear from the context. We use bold font to denote matrices whenever the

matrix structure is of importance. We use the 7 symbol to denote the complex conjugate of a
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Fig. 2. Construction of the tree graph G. We consider the same nodes as in Figure 1 with L(n) = 2. The leaves of G are the
nodes V' (n) of the wireless network. They are always at level £ = L(n) + 1 (i.e., 3 in this example). At level 0 < ¢ < L(n)
in G, there are 4° nodes. The tree structure is induced by the decomposition of V() into subsquares {V7 (1)}, delineated

by dashed and dotted lines. Level O contains the root node of G.

matrix.

III. MAIN RESULTS

We now present the main results of this paper. In Section III-A, we provide an inner and, for
large path-loss exponents a > 6, a matching (in the scaling sense) outer bound on the capacity
region A*(n). In Section I1I-B, we discuss computational aspects. In Section III-C, we introduce
the communication scheme achieving the inner bound on ACA(n). We analyze several example

scenarios in Section II-D.

A. Caching Capacity Region

Let G = (Vg, Eg) be an undirected capacitated graph, constructed as follows. G is a tree with
leaf nodes V' (n) C V. Leaf nodes in GG share the same parent node in G if they fall within
the same subsquare at level L(n) in A(n). Nodes at level ¢ in the tree GG share the same parent
node if all the leaf nodes that descend from it fall in the same subsquare at level £ — 1 in A(n).
Note that through this construction, each set V;;(n) for £ € {0,...,L(n)}, i € 4" is represented
by exactly one internal node in G. This construction is illustrated in Figure 2. Assign to each

edge e € Eg at level ¢ in GG (i.e., between nodes at levels ¢ and ¢ — 1) a capacity
(4—Zn)2—min{3,a}/2 if 1 < /¢ < L(n),

Ce —

1 if {=L(n)+ 1.
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With slight abuse of notation, we let for (u,v) =e € Eg

A
Cup = Ce-

As we shall see in the following, the caching capacity region A®A(n) is closely related to the
following quantity:
ROA(n) 2 {ACA cE Y Y M%< Y e, vScC VG}.
UcSnV(n) weV(n)\S (u,v)€EG:
ueS,vg¢sS
The region /AXCA(n) is described by various subsets S C V(. Each such subset can be understood
as a cut in the graph G. For every cut S C V, the sum-rate

PR Dt

UcsSnV(n) weV(n)\S

between nodes in S and S¢ (i.e., across the cut) is bounded by the sum-capacity

E Cuv

(u,v)eEg:
ueS,v¢S

of edges between S and S¢. Note that we only count traffic )\Sﬁu such that all caches U are
contained in S.
The first result states that, for all @ > 2, /A\CA(n) is an approximate inner bound to the caching

capacity region A®A(n).

Theorem 1. Under either fast or slow fading, for any o > 2, there exists by(n) > n=°" such
that
by (n)ACA(n) € ACP(n)

with probability 1 — o(1) as n — oc.

We point out that Theorem 1 holds only with probability 1 — o(1) for different reasons in
the fast and slow fading case. For fast fading, the theorem holds only for node placements that
are “regular” enough. A random node placement satisfies these regularity conditions with high
probability as n — oo. For slow fading, Theorem 1 holds under the same regularity conditions
on the node placement, but moreover only holds for almost all realizations of the channel gains.

The next result states that, for all o > 6, ]A\CA(n) is also an approximate matching outer bound
to ACA(n).
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Fig. 3. For a > 6, the set ./A\CA(n) approximates the caching capacity region A®*(n) of the wireless network in the sense that

by (n)AA(n) (with by (n) > n~°M) provides an inner bound to A®*(n) and ba(n)A®*(n) (with by(n) < n°™) provides an

uc

outer bound to ./A\CA(n). The figure shows two dimensions (namely A7) 4 ,,

ACA(n) and A®A(n).

and )\%7(317”2}7”3) of the 2" X n-dimensional sets

Theorem 2. Under either fast or slow fading, for any a > 6, there exists by(n) < n°Y such
that
ACA(n) C by(n)ACP(n)

with probability 1 — o(1) as n — oc.

As Theorem 1, Theorem 2 holds only with high probability due to regularity conditions on
the node placement. However, unlike Theorem 1, Theorem 2 holds for all realizations of channel
gains also for the slow fading case.

Comparing Theorems 1 and 2, we see that, for o > 6, the caching capacity region A®A(n) is

approximately equal to /A\CA(n) in the sense that
n?WACA(n)  ACA(n) c n®MACA(n).

In other words, for o > 6, /A\CA(n) scales as the caching capacity region A(n). This is illustrated

in Figure 3.

B. Computational Aspects

Since we are interested in large networks, computational aspects are a concern. Note that

the approximate caching capacity region ASA(n) is described in terms of essentially ©(4") cuts
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S C V. We show in Example 3 in Section III-D that a description with significantly fewer cuts
is not possible. In other words, even an approximate description /A\CA(n) of the caching capacity
region A®A(n) is computationally intractable for large values of n.

On the other hand, consider the simpler problem of testing membership of A\*A in /AXCA(n). We
now argue that this problem can be approximately solved in an efficient manner. More precisely,
we show that \CA ¢ ]A\CA(n) can be checked approximately in polynomial time in the description
complexity of A°A. Combined with Theorems 1 and 2, this shows that, for a > 6, approximate
membership A\°A € A®A(n) can be checked efficiently as well.

Formally, define for any caching traffic matrix A°A € ]RTX"
prea(n) £ sup{p > 0: pA®* € A% (n)}.

Membership AC” € ACA(n) can then be evaluated by checking if pyea(n) < 1. Let ¢yea(n) to

be the solution to the following linear program

max 10}

s.t. S fovw Z0MA,  YUCV(n),weV(n),
e (D

> D> D h < Ve e Eg,
)

pEP:eep UCV (n) weV (n

fovw >0 VUCV(n),weV(n),p€ Py,
where P, ,, is the path in G from node u to node w (since G is a tree, there is only one such

path), and where

>

PU,w

U P

uelU

rs ) U P

UCV (n) weV (n)
Note that the linear program (1), and hence also ¢yca(n), can be evaluated in polynomial time
in the description length of A®? (i.e., in polynomial time in the length of the “input” of the
linear program) by setting the flow variables f, 7., to zero whenever Agﬁu =0 and p € Py.
Moreover, using a primal-dual algorithm, (1) can be solved efficiently in a distributed manner
(see, for example, [22, Chapter 3.7]).

The following theorem shows that ¢yca(n) is a good approximation to pyca(n).
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Theorem 3. Under either fast or slow fading, for any o > 2, there exists by > n~°Y) such that

for any n and caching traffic matrix )\CARTX"

bs(n)prca(n) < Pren(n) < prea(n).

As argued above, ¢yca(n) can be computed in polynomial time in the description length of ACA.

Hence Theorem 3 shows that testing membership A\°A € /A\CA(n) can be done approximately in

polynomial time in the description length of \CA

. Combined with Theorems 1 and 2 this implies
that, for & > 6, approximate achievability of a traffic matrix \®A (i.e., testing membership

ACA € ACA(n)) can be checked efficiently and in a distributed fashion.

C. An Efficient Content Delivery Protocol

Theorem 1 provides an inner bound to the caching capacity region of a wireless network.
Here we describe the communication scheme achieving the inner bound. The matching outer
bound shows that, for o > 6, this scheme is optimal in the scaling sense.

Our proposed communication scheme consists of three layers, similar to a protocol stack.
From high to low level of abstraction, these layers will be denoted by routing layer, cooperation
layer, and physical layer.

From the view of the routing layer, the wireless network consists of the noiseless capacitated
tree graph GG defined in Section III-A (see Figure 2 there). To send a message available at the
caches U to its destination w, the routing layer routes the message over (G. The optimal requests
of message parts from the caches in U (i.e., optimal cache selection) are found by solving the
linear program (1). As pointed out in Section III-B, this optimal cache selection can be performed
efficiently by a distributed algorithm.

The cooperation layer provides the tree abstraction GG to the routing layer. Sending a message
up or down an edge in the tree GG in the routing layer corresponds in the cooperation layer to
distributing or concentrating the same message in the wireless network. Recall that the leaf nodes
of G are the nodes V' (n) of the wireless network and that each internal node of G represents
some subsquare V;;(n) of V(n). To send a message from a child node to its parent in G (i.e.,
towards the root node of (), the message at the wireless nodes in V' (n) represented by the child
node in G is distributed (over the wireless channel) evenly among all nodes in V' (n) represented

by the parent node in GG. This distribution is performed by splitting the message at each node
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in V(n) represented by the child note in G into equal size parts, and transmitting one part to
each node in V(n) represented by the parent node in G. To send a message from a parent
node to a child node in G (i.e., away from the root node of (=), the message at the wireless
nodes in V' (n) represented by the parent node in G is concentrated on the wireless nodes in
V' (n) represented by the child node in G. This concentration is performed be collecting at each
node in V' (n) corresponding to the child node in GG the message parts of the previously split up
message located at the nodes in V'(n) corresponding to the parent node in G.

Finally, the physical layer performs this concentration or distribution of messages. Note that
the kind of traffic resulting from the operation of the cooperation layer is regular in the sense
that within each subsquare all nodes receive data at the same rate. Uniform traffic of this sort is
well understood. Depending on the path-loss exponent «, we use either hierarchical cooperation
[17], [18] (for a € (2, 3]) or multi-hop communication (for « > 3). It is this operation of each
edge in the physical layer that determines the edge capacity of the graph G as seen from the
routing layer.

The next example illustrates the operation of this three-layer scheme. For more details on this

architecture (in particular the cooperation and physical layers), we refer the reader to [19].

Example 2. Consider the three layers of the proposed communication architecture depicted in
Figure 4. From top to bottom in the figure, these are the routing layer, the cooperation layer, and
the physical layer. In this example, we consider a single (U, w) pair. The set of caches U consists
of a single node {u} in the wireless network shown at the bottom left, and its destination w
is in the top right of the network. At the routing layer, the optimal choice of caches is in this
case trivial (since there is just one cache w). The optimal route between u and w chosen at the
routing layer is indicated in black dashed lines. Consider now the second edge along the path
in G from u to w. The middle plane in the figure shows the induced behavior from using this
edge in the cooperation layer. The bottom plane in the figure shows (part of) the corresponding

actions induced in the physical layer. O

D. Example Scenarios

Here we provide three examples illustrating various aspects of the caching capacity region.

Example 3 shows that the capacity region for caching is inherently more complicated than the
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Fig. 4. Example operation of the three layer architecture.

ones resulting from unicast or multicast traffic. Example 4 shows that the strategy of always
selecting the nearest cache can be arbitrarily bad. Example 5 analyzes the impact of complete

caches on the performance of the wireless network.

Example 3. (Insufficiency of edge cuts)

For unicast traffic and multicast traffic, it is shown in [19] that it is sufficient to consider edge
cuts in G, i.e, cuts that result if we remove a single edge from . By construction, G has at
most 2n edges, and hence there are at most 2n such edge cuts. This contrasts with the situation
for caching traffic, for which Theorems 1 and 2 indicate that we have to consider general cuts,
i.e., arbitrary subsets S of V. Indeed, the approximate capacity region ]A\CA(n) is expressed in
terms of essentially ©(4™) cuts. Comparing these two results, one might suspect that a simpler
characterization in terms of edge cuts can be found for the caching capacity region as well. This
example shows that this is not possible. In other words, the caching capacity region is inherently
more complicated than the unicast or multicast capacity regions of a wireless network.

Assume V5 1(n) and Vao(n) are subsets of Vi q(n), and consider two nodes u; € Va1(n),
ug € Va5(n). Construct

ca o | ) iU ={uy,us},we Vip(n),

)\U,w =
0 else,
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for some p(n) > 0. This is illustrated in Figure 5.

w Uy Via(n)

Fig. 5. Caching traffic pattern for Example 3.

The best edge cut results from removing edge e in Figure 5. The cut capacity is c. =

1 2—min{3,a}/2
()

i and the sum-rate across the cut is |V} 2(n)|p(n). By Theorem 2 and for a > 6,

this shows that p*(n), the largest achievable value of p(n), is upper bounded as
p* (n) < |‘/1 2(n)|—1n2—min{?’,oe}/2-!—0(1) _ nl—min{3,a}/2+o(1)
with high probability.

On the other hand, consider the general node cut S = {u,us} C V. The cut capacity here
is 2 and the sum-rate across the cut is again |V} 2(n)|p(n). Moreover, it is easily checked that
S is the bottle neck cut in G. Thus, for a > 2, Theorem 1 shows that p*(n) is lower bounded
with high probability as

p* (n) Z “/"1’2<n>|—1n—0(1) _ n—l—o(l)7 (2)
and, for o > 6, Theorem 2 shows that
p* (n) S n—l-i—o(l).
In this example, it can be shown that the correct scaling of p*(n) is actually
p*(n) _ n—l:l:o(l)

for all > 2 (not just & > 6 as suggested by Theorem 2). Note that this differs substantially

from the upper bound (2) obtained from the best edge cut. O

Example 4. (Nearest-neighbor cache selection)
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A reasonable strategy of selecting caches is to request the entire message from the nearest
available cache. In fact, this is the strategy implicitly assumed in most of the prior work
considering caching in wireless networks cited in Section I-A. This example shows that this
strategy can be arbitrarily bad.

Assume V5 1 (n) and V5 5(n) are subsets of Vi 1(n), and V2 3(n) is a subset of V; o(n). Consider
anode u* € V5 5(n), and label the nodes in V5 1(n) = {wy, ws, ...} and in V5 3(n) = {uy, ug, .. . }.

Construct

\CA o p(n) if U= {u*,u;},w = w; for some i,
U,w =
0 else,

for some p(n) > 0. This is illustrated in Figure 6.

Fig. 6. Caching traffic pattern for Example 4.

For every w;, the nearest cache is u*. It can be shown that requesting the entire message from

this nearest cache results in a per-node rate of at most
p(n) < n—l-i—o(l)

for all a > 2.

Assume now each w; uses only the more distant cache u,. This achieves a value of p(n) of
p(n) > nl—min{3,a}/2—o(1) > n_1+0(1).

1—min{3,a}/2—0(1)

Applying Theorem 1 yields the same n value of p(n), and Theorem 2 confirms

that, for @ > 6, no scheme can achieve a better scaling. Hence

p*(n) _ nl—min{S,a}/Z:l:o(l)
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for @ > 6, and, as in the previous example, it can be shown that this is the correct scaling of
p*(n) also for o € (2,6]. This shows that the strategy of always selecting the nearest cache
can result in a scaling exponent that is considerably worse than what is achievable with optimal

cache selection. O

Example 5. (Complete caches)
Assume we randomly pick n” caches for 3 € [0, 1), each holding a complete copy of all
the messages. More precisely, letting W= {wi}?jl be the collection of caches, we consider a

caching traffic matrix A\®A ]Rinm of the form

A p(n) if W= w,
)\W,v =

0 else,

for some p(n) > 0. In this setup, choosing the nearest cache strategy (as discussed in Example
4) results in a per-node rate of

p(n) > nﬁ—l—o(l)

with probability 1—o(1) as n — oc. The three-layer architecture proposed in Theorem 1 achieves

the same rate, and Theorem 2 shows that, for > 6, for any communication scheme
p(n) < nP—1+o()

Hence, for o« > 6,

p* (n) _ nﬁ—l:l:o(l) 7

and it can be shown, as in the previous two examples, that this is the correct scaling of p*(n)
also for a € (2,6].

This example illustrates that in situations in which the traffic demand and location of caches
are regular enough, the strategy of selecting the nearest cache (as analyzed also in Example 4,

and which is shown there to be arbitrarily bad in general) can actually be close to optimal. ¢

IV. PROOFS

This section contains the proofs of Theorems 1, 2, and 3. We start in Section IV-A with some
auxiliary results. Sections IV-B, IV-C, and IV-D contain the proofs of Theorems 3, 1, and 2,

respectively.
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A. Auxiliary Results

In this section, we define several quantities and recall some auxiliary results needed in several
of the proofs.
We first introduce a “dual” description of the various regions. Recall that for any caching

traffic matrix \CA € R?:X"
prea(n) 2 sup {p > 0: pA% € A% (n) },

and define similarly

paca(n) £ sup {p >0: PACA € ACA(n)}.

Consider a caching traffic matrix \®A € ]Rinm for the wireless network and note that A®* can
equivalently be treated as a traffic matrix between the leaf nodes of the graph G introduced in
Section TII. Let ASA(n) C R2"*™ be the collection of such caching traffic matrices A°A € R?"*"
that can be routed over GG. Note that ¢,ca(n) as defined through the linear program (1) is equal

to

¢yea(n) = sup {gb >0: pAA € AgA(n)}.

It can be shown that the regions A®A(n), AC(n), and ASA(n) are convex, and hence knowledge
of pyea(n), prea(n), and ¢yea(n) for every A\°A € R¥*" is sufficient to completely describe
them.

To analyze caching traffic in wireless networks, we shall make use of known results for
unicast traffic in such networks. Formally, a unicast traffic matrix A for V(n) is an element
of R'*", associating with each pair (u,w) € V(n) x V(n) the rate AY$ at which node u wants
to transmit a message to node w. We define the unicast capacity region AYC(n) C R" to
be the collection all achievable unicast traffic matrices \YC € R”*". In analogy to the caching
case, define AYC(n) C R as the collection of unicast traffic matrices A\Y¢ € R’*" that can
be routed over the tree graph G.

We now introduce some regularity conditions that are satisfied with high probability by a
random node placement. Define V(n) to be the collection of all node placements V'(n) that

satisfy the following conditions:

Tuw > 107" for all u,v € V(n),
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1
|[Vii(n)| < log(n) for ¢ = 3 log(n) and all i € {1,...,4°},

1
‘WZ<H)‘ >1 f0r€:§log< ) and allie{l,...,ﬂ},

n

2log(n)
1

[Vei(n)| € [4~ ", 47" n] for all £ € {1, g log(n)(1 — log_5/6(n))},i c{1,...,4.

The first condition is that the minimum distance between node pairs is not too small. The second
condition is that all squares of area 1 contain at most log(n) nodes. The third condition is that
all squares of area 2log(n) contain at least one node. The fourth condition is that all squares
up to level log(n)(1 — log™®/ 6(n)) contain a number of nodes proportional to their area.

The next lemma states that a random node placement satisfies these conditions with high

probability.
Lemma 4.
P(V(n) € V(n)) >1—o0(1)

as n — oQ.

Proof. See [19, Lemma 5]. ]

B. Proof of Theorem 3

We first prove the upper bound, i.e.,

Pxca < Paca. (3)

Note that if \°A € ACGA then there exists a strategy to route traffic at rates \°* over G. This
implies that the flow across each cut S C V; must be less than the capacity of that cut. The
flow across such a cut S contains at least all those requested messages that only contain caches

in S, ie.,

PR Dt

UCSNV(n) weV (n)\S

On the other hand, the capacity of the cut S is equal to
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Therefore

2. ) NS D cw

UcSnV(n) weV(n)\S (u,v)EEG:
ueS,vg¢sS

for all S C V, and hence \°A e AgA implies ACA ¢ ACA, Thus, AgA - /A\CA, from which (3)
follows.

We now prove the lower bound, i.e., we show that there exists b3(n) > n=°1) guch that for
any \CA

Pxca > bs(n)pyca. 4)

Pick any A\®A. Since for any b > 0,
Ppacn = E%CA’

Praca = EP,\CM

we may assume without loss of generality that
SO =1 (5)
(Uw)

Recall that GG is an undirected capacitated graph. Construct a directed capacitated graph G =
(Vg, Eg) as follows. Take the undirected graph G and turn it into a directed graph by splitting
each edge e € E into two directed edges each with the same capacity as e. Add 2" additional
nodes to Vi, one for each subset U C V. Connect the new node u corresponding to U C V
to each node u € U by a (directed) edge (@, u) with ¢z, = co. This procedure is illustrated in
Figure 7. We call the directed version of G that is contained in G asa subgraph its core. Note
that if some flows can be routed through G then the same flows can be routed through the core
of é, and if some flows can routed through the core of G then at least half of each flow can be
routed through GG. Hence, for scaling purposes, the two are equivalent.

Now, assume we are given a caching traffic matrix A®A for G. Construct a unicast traffic
matrix A\YC for G by making for each (U, w) pair in G (i.e., U C V, w € V) the node @ in G

corresponding to U a source for w with rate

yUC A& CA
)‘ﬁ,w - )\U,w
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Fig. 7. Construction of the directed graph G from the undirected graph G.

Denote by A%C the set of feasible unicast traffic matrices for G, and set
gz;;\uc £ sup {gb >0:pA\C e A%C}.
By construction of G from G, and by the above argument relating G to the core of G, we have

1-~
Prca 2 5 Psue- (6)

We are thus left with the problem of analyzing unicast traffic over G. Two difficulties arise.
First, G is a directed graph. While unicast traffic over undirected graphs with m nodes are well
understood and O(log(m)) approximation results for the capacity region of such graphs in terms
of cut-set bounds are known [23], the best known approximation result for general directed

11/23) 124]. Second, the graph G is exponentially big in n.

graphs is (up to polylog factors) O(m
More precisely, |Vz| > 2". Hence even a logarithmic (in the size m of the graph) approximation
result will only yield a polynomial approximation in 7. Nonetheless, as we shall see, the special
structure of G can be used to obtain log(n) approximation results of A%C.

We use an idea from [25], namely that the unicast traffic problem can be reduced to a maximum

sum-rate problem. More precisely, for a subset FC Vz x Vg of (u,w) pairs in G, define the

maximum sum-rate as

~ yuc . yuc C
OF - sup {E(u,w)ef)\g,w : )\U = A% }

We now argue that for every unicast traffic matrix AUC there exists F such that 0z is not too

much bigger than é;uc.
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First, note that qg;\uc is the solution to the following linear program

maximize 0]
subjectto > 5 fp = qu\hj% Vou,we Vg,
ZpEﬁ:eEp fp S Ce Ve € Eé’
f, >0 VpeP,

)

where ﬁmw is the collection of all paths in G from node u to node w, and

e |y B

minimize Y oee B CelMe
subject to e e >dyw YV u,w € Vap€ Py,
> uwer, duwie, 21 8)
me >0 VeekLg,
dyw >0 Vou,we Vz.

Since the all-zero solution is feasible for the primal program (7), strong duality holds.

Second, 7 is the solution to the linear program

maximize >, \cF D pep, . Jp
subject to YpeBecyly Sce Ve € Eg,
f, >0  VpeP,
and its dual is
minimize ) . B CelMe
subject to Zeep Me > dyw Vu,weVzp€ Py,
duw >1 V (u,w) € 15, )
me >0 Vee kL,
dyw >0 Vou,we Vg.
Again strong duality holds.

Let {m;}eerz» {d}, , }uwev, be a minimizer for the dual (8) of the unicast traffic problem. We

now show how {m;}, {d, ,} can be used to construct a solution to the dual (9) of the maximum
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sum-rate problem. Note that we can assume without loss of optimality that

0 if \UC —,
Ay = ’ (10)

3 . *
min 5 Yoo, me else.

Now, since ¢, = co whenever e € Ex \ E¢, we have m} = 0 for those edges. Since, in addition,
AUC > 0 only if u € Va \ Ve and if w is a leaf node of G, this implies that {d;, , }.,wev. can

,w

take at most n? different nonzero values. Order these values in decreasing order
di >dy>...>dy >dp ;=0

with K < n?, and define
JUC 2 JUC
g u,wevéz:d;j’w_dz Yo
We now argue that dj < n? for all k¥ € {1,..., K}. In fact, assume d} > n?, then by (10)
there exists at least one edge € such that m; > n. Hence
Z Cemy, > Camiz >n
ecEg
since ¢, > 1 for all e € Eg. On the other hand, let m, = 1 for all edges between the leave
nodes and parent nodes in the core of é, and let m. = 0 for all other edges. Set d, ,, as in
(10) but with respect to this choice of {m.}. Since all paths between node pairs (u,w) such
that 5\5% > () include at least one edge between the aforementioned leave and parent nodes, we

have d,,, > 1 whenever 5\3% > (), and therefore
> duediGz Y ML=
uweVg uweVg
by the normalization assumption (5). Thus {m.}, {d, .} is feasible for the dual (8), and has

value

E CeMe =M < E Cems,

EEEé EEEé
contradicting the optimality of {m}}, {d}, ,}. Hence d; < di < n? for all k.
We now argue that at least one d;; is not too small. Let k; < ko < ... < k; be such that
~ 1
T, = {k: 00 = 1. (11)

nt
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Note that / > 1 since otherwise
) E+1
> -3
u,weVg k=1
< (K +1) L
2n4
- n®+1
- 2nt

<1,

contradicting the normalization assumption (5). Finally, define

7
A § :~UC
j=1

Using that {d}} is feasible for the dual (8), that df < n?, and that K < n?, we have

1

kNILcJ =+ ka
S dp N =1 > dNS
i=1

k:AYC<1/2n4

1
>1— o Kn?
1
> . 12
> - (12)
We argue that this implies existence of ¢ such that
di > L (13)
M= 2;(1 4 In(2n4))
Indeed, assume (13) 1s false for all 2. Then
I yuc
1 AL
dy, )\ -
Z ki 2(1 + In(2n%)) Z:; Si
1 L s — s
S — | i ol 1) 14
2(1 + In(2n)) < i ; Si (142)
I
S — (In(s;) ~ In(s:1))) 14b
2(1+1n2n4 ( +Zz n(s;) — In(si1)) (140)
1 -
= (1 +In(s;/A°
20+ ) (L meA)
1
< ——————(1+In(2n")) (14c)

~ 2(1+1n(2n%))

(NN
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where we have used that 7 > 1 in (14a), that 1 — < —In(z) for every z > 0 in (14b), and
that s; < 1 by (5) and AY® > 511 in (14c). This contradicts (12), showing that (13) must hold

for some ¢. Consider this value of ¢ in the following.

Now, consider the following set F' of (u,w) pairs:
F2 {(u,w): d} , > d; }.

Note that, by (10), F' contains only pairs (u,w) such that u € V5 \ Vg and w € V C Vj (e,

nodes in G corresponding to leaf nodes in ). Set

s
uaw — dzz )
a M
me = 0
Note that for (u,w) € F),
d*
duw = U:U > 1,

and that for all u,w € Vg, p € ﬁu,w
>ome= g om:
dy.
ecp i e€p

> L
— dzl u,w

= du,wu

by feasibility of {d; ,} and {m} for the dual (8). Hence, for this F, the choice of {m,} and
{duw} is feasible for the dual (9). By weak duality

6ﬁ S E Celle

eEEé

By (13),
1

>
di, = 25;(1 +1n(2n%))’
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and, since dzj > d,’;i for all j <,

i

yuc
i = Z Ak

Jj=1

DI

J=1 (ww):d} ,=dp*
’ J

< Y A

(wyw):df; o >d*
-y
(u,w)eﬁ
A YUC
2 540

Therefore
F <201+ In(2n) Y cem
e€Es

Since {m?} is optimal for the dual (8), and by strong duality, we also have

Z Cem: - QNSS\Ucv

EEEé
and hence
1 o

Do 2 2(1 + In(2n*)) N8O

15)

We are thus left with analyzing maximum sum-rates 0z in G. Now notice that, since the
edges in E \ E¢ have infinite capacity, and since for (u,w) € F we have u € Vs \ Ve and
w €V C Vg C Vg, this analysis can be done by considering only the core of G. More precisely,
for a collection of node pairs Fin G as above, we construct a collection of node pairs F' in G
as follows. For each (i, w) € F with @ connected by G with nodes U C V; C Vi, add (u, w) to
F for each u € U. Denote by o the maximum sum-rate for F' in GG. Since G is the undirected
version of the core of é, we have

67> op. (16)

For a collection of node pairs F' in G, we call a set of edges M a multicut for F' if in the

graph (Vg, Eq \ M) each pair in F' is disconnected. For a subset M C Eg, define

A
Cyn — Ce.

eeM
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It is shown in [26, Theorem 8] that if G is an undirected tree, then for every F' € Vi x V; there
exists a multicut M for F' such that

1
op > §CM. (17)

Combining (15), (16), and (17), we obtain that for every AUC there exists a collection of node

pairs F in G, and a multicut M for the corresponding F' in G such that

1 Cyp
4(1 + In(2n%)) S\%C

b5 > (18)

We now show how the edge cut M C Eg can be transformed into a node cut S C V. Denote
by {S;} the connected components of (Vi, Ei \ M). We can assume without loss of generality
that

M = J(Si x S5)n Eg,

since otherwise we can remove the additional edges from M to create a smaller multicut for F'.

We therefore have

1
e =15 ;qs;xsimc, (19)
since every edge in M appears exactly twice in the sum on the right-hand side. Define for

S c Vg

CA & CA
a2 D D M

UCSNV wev\S
M is a multicut for F' induced by F, and hence for every (u,w) € F and the corresponding
pair (U, w), M separates w from all the nodes in U. Therefore, for each such (U, w) pair, there

exists a S; such that w € S;, U C S{. This shows that
MC <A (20)

Equations (18), (19), and (20) imply that there exists j such that

1 > i C(SexSi)NEe

hiue >
30 2 ST @an) 3, A%,
- 1 C(S5xS))NEG
— 8(1 + In(2n* A\CA
T+ @) AR o
1 . C(SxS)NEg
>
= 8(1+ In(2n1)) scve  ACA,
1

~

8(1 + In(2n4))
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Combined with (6), this shows that for

1
b £ > po@)
(") = 50 ) ="

we have
Prca > bs(n)pyca,

proving the lower bound in Theorem 3.

C. Proof of Theorem 1

In this Section, we provide the proof of Theorem 1. Instead of proving the theorem directly,
it will be convenient to work with the dual descriptions pyca(n) and pyca(n) of A°A(n) and

/AXCA(n) introduced in Section IV-A. The next theorem is the dual version of Theorem 1.

Theorem 5. Under either fast or slow fading, for any o > 2, there exists by = n~°") such that

2" xn

with probability 1 — o(1) as n — oo for any n and caching traffic matrix \°* € R T
bi(n)prea(n) < paca(n).

Proof. The same arguments as in [19, Theorem 1] show that there exists b(n) > n~°!) such

>\CA

that if a caching traffic matrix A°* can be routed over G, then b(n) can be communicated

reliably over the wireless network. Formally, if V' € V' then under fast fading

b(n)pyea < pyca, (22)

and the same results holds for slow fading for a collection of channel gains H (not dependent
on \°?) with

P({hu,v}u,UEV € H) >1-— 0(1)

as n — oQ.

Combining (22), with Theorem 3 and Lemma 4, we obtain that with probability
P({hu,} € H,V €V)>1-0(1)
as n — oo, we have for any caching traffic matrix \°A

paca = b(n)@ea

> b(n)bs(n)pxea.
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Setting
bi(n) £ b(n)bs(n),

and recalling that bs(n) > n~°") and b(n) > n~°") both uniformly in A®, concludes the proof
of Theorem 5. O

D. Proof of Theorem 2

In this Section, we prove Theorem 2. As before, it will be convenient to work with the dual
description pyoa(n) and pyca(n) of ASA(n) and ACA(n) as introduced in Section IV-A. The next

theorem is the dual version of Theorem 2

Theorem 6. Under either fast or slow fading, for any o > 2, there exists by < n°Y) such that

with probability 1 — o(1) as n — oo for any n and caching traffic matrix \°A € RZ"*"
paca(n) < ba(n)pyea(n).

We start with some auxiliary lemmas. For a subsets S1,.S2 C V(n), denote by C'(S7,Ss) the
MIMO capacity between the nodes in S; and S,. Denote by S5 the nodes in S, that are at

distance between k and k + 1 from Sy, i.e.,
Sy &2 {veS,: misnruvv €k, k+1)}.
ueS]

Lemma 7. Under either fast or slow fading, for every o > 6, there exists a constant K such

that for all V(n) € V(n) and all S C V(n)

log(n)
C(S,5%) < Kilog*(n) Y |85,

k=0

Proof. Set S; £ S and S, £ 5S¢, and note that

o
k
Sy =5,
k=0
Let
A
HS1,S2 - [hu,v]u€S1,veS2

be the matrix of channel gains between the nodes in S; and S,. Under fast fading

Q(H)>0:
E(qu,u)<P YueS;

C(Sy,Sy) = max E(log det (T+ H217SQQ(H)H31752)>,
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and under slow fading

A *
0(51,52) = glga( logdet (I+H517S2QH31752).
qu,u<P YueS

Applying the generalized Hadamard inequality, we obtain that under either fast or slow fading
C(S1,52) < C(Sy, Ulog(n S5) + C(Sh, Ups10g(n) S5)- (23)

Now, for the first term in (23), using Hadamard’s inequality once more, yields

log(n

C(Sy, UM gky < Z > (S {v})
k=0 UES’C

log(n

< Z > C{vy {v}).

k=0 UES’C

By Lemma 7 in [19],

C({v}* {v}) < Klog(n)

for some constant /&, and thus

log(n

C(S1, UZMSE) < Klog(n Z |5 (24)

For the second term in (23), we have the following upper bound from (slightly adapting)
Theorem 2.1 in [11]:
S < 3 Y ()
k>log( )vesSk  u€S:
For v € S, the (open) disk of radius & around v does not contain any node in S; (by definition
of S%). Moreover, since V' € V, there are at most log(n) nodes inside every subsquare of A of

sidelength one. Thus

> e log(n Zka+2 /2

u€EST

<K log(n)kz‘“/ 2
for some constant & independent of S; and k. Therefore,

C(S1, UrstogmS5) < > |S5[K? log®(n)k* . (25)

k>log(n)
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Consider now some v € S¥ with k& > log(n), and let u* be the closest point in S} to v. Since
v € Sk, we must have

Tur v € [kf, k + 1)

Consider the (open) disk of radius 7+, around v and the disk of radius log(n) around u*.
Since u* is the closest node to v in 5], all nodes in the disk around v are in S,. Moreover, the
intersection of the two disks has an area of at least %logz(n). Since V' € V), this implies that

this intersection must contain at least one point, say v, and by construction

log(n

U 5.
This shows that for every node v in S} there exists a node ¥ in U;:Eé") S¥ such that
rvs € [k —log(n),k +1).
Now, since V' € V), for every node v, there are at most
27 (k + 1)(log(n) + 5) log(n) < K'klog*(n)

nodes at distance [k — log(n), k + 1). Hence the number of nodes in S§ is at most
log(n)
|S5| < K'klog®(n) Y [S5]. (26)
k=0
Combining (26) with (25) yields
C(S1, Urstogmy95) < Y |S5IK? log?(n) k"~
k>log(n)

log(n

< KK2 10g ( Z ‘Sk> Z ]{35_a (27)

k>log(n)

log(n)

= K" log*(n Z |Sk

for some constant K", and where we have used that o > 6. Finally, plugging (24) and (27) into
(23) shows that

log(n

C(Sy,S) < (K + K")log'(n Z |S51,

which proves the lemma with

K, 2K+ K" m
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The next lemma shows that, for large path-loss exponents (a > 6), every cut is approximately
achievable, i.e., for every cut there exists an achievable unicast traffic matrix that has a sum-rate

across the cut that is not much smaller than the cut capacity.

Lemma 8. Under fast fading, for every o > 6, there exists by(n) < n°® and \U¢ € AYC(n)
such that for any n, V(n) € V(n), and S C V(n),

C(S.59) <ba(n) Y D A, (28)

uesS w¢gs
Moreover; there exists a collection of channel gains H(n) such that

P({hu,v}u,UEV(n) € H(n)) Z 1-— 0(1)
as n — 00, and such that for {hy,}vu. € H(n), (28) holds for slow fading as well.

Proof. By Lemma 7, for V €V

C(S,5% < K, log4(n)|{v € S%:rg, <log(n)+ 1}, (29)
where
Tsw Iglelg Tuw-

Construct a unicast traffic matrix \Y¢ € R"*" as

G & p(n) if ry,, <log(n)+1,

0 else,
for some function p(n). We now argue that for p(n) = ©(log%(n)) there exists b(n) > n=°W
such that l;(n)AUC € AYC. This follows from [19, Theorem 1] (see also Section IX.C there),
once we show that for every £ € {1,...,L(n)} and i € {1,...,4*} we have

ST AL < (atn)2mintBali2,

UGV’(’Z wﬁéVZ (3

Z Z )\UC < (4- -t n)*" min{3,a}/2

ugVy; weVy,;
and for all w € V

DS <1,

uFw

ZAUC <1

uFWw
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Since we assume that V' € V), we have for all w € V'

D N, < Klog(n)p(n),

uFw

SN < Klog?(n)p(n),

uFw
for some constant K. By the locality of the traffic matrix AYC, it can be shown that this is
sufficient for [19, Theorem 1] to apply with p(n) = + log™*(n). Hence b(n)AYC e AYC for fast

fading, and the same holds for slow fading for some H with

P({huo}upev € H) =1 —0(1)
as n — o0.
Combined with (29), this implies that

(s, s < & log )3y,

ueS w¢sS

proving the lemma. O
We are now ready for the proof of the outer bound on A®A(n).

Proof of Theorem 6. Consider a cut S C V in the wireless network. Assume we allow the nodes
on each side of the cut to cooperate without any restriction — this can clearly only increase
pxca. The total amount of traffic that needs to be transmitted across the cut is then

> D

UCS w¢S

The maximum achievable sum-rate (with the aforementioned node cooperation) is given by

C(S,S¢), the MIMO capacity between the nodes in S and in S°. Therefore
(S, 59

V Xvcs Dugs A

We proceed by relating the cut S in the wireless network to a cut S in G. By Lemma 8, for

pPacA < mln (30)

V €V, there exists A\YC € AYC such that for fast fading

C(8,5%) <ba(n) Y D NS, (31)

ueS w¢S
and (31) holds also for slow fading if {h, .}, € H (with H defined as in Lemma 8). By [19,

Theorem 1] (see again the discussion in Section IX.C there), for & > 5 and V' € V), there exists
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K such that if AYC € AYC then Klog ®(n)A\YC € AYC, where G is the tree graph defined in

Section III-A.

Now, consider any S C Vg such that SNV = S. Note that S is a cut in G separating .S from

V '\ S. Since K log %(n)A\YC € AYC, we thus have

Z Z K log_ )\UC < Z Cu,v)

ueS w¢s (uw)€EG:
ueSwgs

and by minimizing over the choice of S such that SNV = S, we obtain

ZZKlog )\UC < min Z Cu-

ueS w¢sS $:5nv=s (u,v)€Eq:

ueSwes
Combining (31) and (32) shows that

b
0(5,5) < "W iogh(m)_min Y ey
K 3.5nv=s5
(u,leEq:
ueS,v¢S

Together with (30), and using Lemmas 4 and 8, this yields that with probability
P({huotup € H,V €V)>1—0(1)

as n — oo, we have for any caching traffic matrix \CA

Uucs wiS )\C,w

Z(u,v)eEgz Cuv
ueS,vgsS

< by(n)min  min
SCV Seva:Snv=S Zchmv ZwEV\S

Z(u,U)GEgz Cuv
ueS,vgs

)\CA

= by(n) min

C
ScVeg ZUCSOV ZweV\S AD ’

= b2 (n)la)\CA7

with

August 10, 2009

(32)

DRAFT



33

V. CONCLUSIONS

We analyzed the influence of caching on the performance of wireless networks. Our approach
is information theoretic, yielding an inner bound on the caching capacity region for all values
a > 2 of path-loss exponent, and a matching (in the scaling sense) outer bound for o > 6. Thus,
in the high path-loss regime o > 6, this provides a scaling characterization of the complete
caching capacity region. Even though this region is 2" X n-dimensional (i.e., exponential in the
number of nodes n in the wireless network), we present an algorithm that checks approximate
feasibility of a particular caching traffic matrix efficiently (in polynomial time in the description
length of the caching traffic matrix). Achievability is proved using a three-layer communication
architecture achieving the entire caching capacity region in the scaling sense for v > 6. The
three layers deal with optimal selection of caches, choice of amount of necessary cooperation,
noise and interference, respectively. The matching (in the scaling sense) converse proves that
addressing these questions separately is without loss of order-optimality in the high path-loss

regime.
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